Multi-state models of ion channel gating have been used extensively, but choosing optimally small yet sufficiently complex models to describe particular experimental data remains a difficult task. In order to provide some insight into appropriate model selection, this paper presents some basic results about the behaviour of solutions of multi-state models, particularly those arranged in a chain formation. Some properties of the eigenvalues and eigenvectors of constant-rate multi-state models are presented. A geometric description of a three-state chain is given and, in particular, differences between a chain equivalent to an Hodgkin-Huxley model and a chain with identical rates are analyzed. One distinguishing feature between these two types of systems is that decay from the open state in the HodgkinHuxley model is dominated by the most negative eigenvalue while the identical rate chain displays a mix of modes over all eigenvalues.
Introduction
Ion channels are proteins embedded in the membranes of neurons and muscle cells. They form a gateable pore which can open to allow the passage of ions, and hence electric charges in or out of the cell. Many channels are selective to the particular ions they allow to pass, and most open or close in response to external stimuli such as the binding of ligands or the electric field across the cell membrane. Ion channels have received a considerable amount of mathematical treatment since Hodgkin and Huxley (1952) first published their model of sodium and potassium conductance across the giant axon of Loligo. Hodgkin and Huxley modelled the potassium conductance as proportional to x 4 where x obeyed a firstorder differential equation and represented the probability of a "gating charge" moving into position to open the channel. The power four (or, in the case of their sodium conductance, three) was chosen because it accounted for the observed delay in the increase of the current upon depolarization and as such was a "useful simplification" compared to higher-order equations (Hodgkin and Huxley, 1952, p. 506) . In terms of the "gate" analogy, the power four represents four independent gates which must all open (or four gating particles which must all dock) for the channel to conduct ions.
Since 1952, the physical view of the ion channel has moved from independent gates which open and close to discrete states through which the channel protein progresses as it moves to a conformation where its pore is open to conduct ions. Mathematical models of ion channels have, therefore, moved from single first-order Hodgkin-Huxley (HH) type equations to systems of first-order differential equations where each variable represents the probability of being in a specific conformational state. (Of course, an n th order equation is equivalent to a system of n first order equations, so this type of model was at least contemplated by Hodgkin and Huxley themselves.) Such models are called multi-state models, or Markov models since the future state of the channel depends only on the current state, and are represented by systems of linear equations. Typically, only one state is considered to be open, but models with multiple open states, or states with differing conductance levels are also possible. As has been pointed out by others and as we describe below, the Hodgkin-Huxley model can be viewed as a particular multi-state model, and so multi-state models are a generalization of their original model.
Transitions between states of a multi-state model are governed by rate functions, which for voltage-dependent ion channels, are functions of the voltage difference across the membrane. Such models can also be used for ligand-dependent channels (Destexhe et al., 1994) . Thermodynamic arguments (Eyring et al., 1949; Tsien and Noble, 1969; Hill and Chen, 1972; Hille, 1992) relate the transition between states to either a charge surmounting a free-energy barrier, or rotation of a rigid dipole. In the simplest case where the free energy depends linearly on the voltage, they predict that the functional forms for the transitions back and forth between two states are simple exponentials (given below in Sect. 3) which depend on four independent parameters. More parameters arise if more complicated voltage-dependence relations are used (Destexhe and Huguenard, 2000) . Thus, even if every new state is only connected to one other state, every new state added to the model introduces at least four new parameters.
A consequence of using multi-state models is that even with a relatively small number of states, the number of free parameters is very large. On the one hand, this means that with the proper choice of parameters and connections between states, the model can replicate nearly any kinetic observations. On the other hand, the problem of determining an appropriately small model and the optimal parameter values for that model to best fit a given set of data is very difficult. This problem is compounded by a lack of information. Measurements of ionic conductance through the channel only provide direct information about the open state or states. The measurement of "gating currents" provides additional information on parameter values and on the dynamics among closed states, but not to the point of providing a time series for each state.
Operationally, the primary means of dealing with this excess of freedom in the models has been to restrict state connections and the rate functions in some manner. Typically, the states are ordered in a partial sequence with each state connected to usually two, sometimes three, or at most four others. The rate functions are often restricted by dictating that all or a set of the forward rates be identical or integer multiples of each other, and the reverse rates similarly (Zagotta et al., 1994b; Roux et al., 1998; Bezanilla, 2000; Bähring et al., 2001; Chanda and Bezanilla, 2002; Piper et al., 2003) . Aggregation of similarly behaving states can also be performed to yield some simplification (Kienker, 1989; Kijima and Kijima, 1997) .
Multi-state models are not the only type of model for ion channels. The large number of free parameters associated with multi-state models motivated the development of continuum models (Levitt, 1989) . The technical advance of single-channel recordings has resulted in fractal models championed by Liebovitch and others (Liebovitch et al., 1987; Liebovitch and Todorov, 1996; Liebovitch et al., 2001) . A review of various stochastic models for ion channels can be found in Ball and Rice (1992) . Nonetheless, multi-state models continue to enjoy considerable use. This paper presents some basic results about the behaviour of solutions of multi-state models, particularly those whose states are arranged in a chain formation, and provides a geometric comparison between a Hodgkin-Huxley type model and other multi-state models. The motivation is to provide insight into some of the properties of these models and consequently aid in the selection of appropriate models for particular channels.
In Sect. 2, we present some basic results about multi-state models of ion channels regarding their equilibria and eigenvalues, and we specialize these results to single chain systems including a chain equivalent to the HH model and a chain with identical forward and backward rates. In Sect. 3, we give a geometric description of a three-state model and particularly compare the behaviour of the HH chain with the identical rate chain. Sect. 4 provides some discussion.
Equilibria and Eigenvalues of Multi-State Models
We are interested in models of ion channel gating where the model states represent different physical conformations of the channel protein as it transitions between a non-conducting (closed pore) and conducting (open pore) state. Typically, although not necessarily, one state, is regarded as the open state, and the remaining states are considered closed. Models could also allow several open states with possibly differing conductance levels. For voltagegated ion channels, the rates of transition between states depend on the voltage difference across the neuronal membrane. For ligand-gated channels, the rates would depend on the abundance of ligand. When the transition rates are constant (experimentally a voltage-clamp situation for voltage-gated channels, or a constant concentration of ligand for ligand-gated channels), the models become systems of constant coefficient linear differential equations and are thus amenable to considerable analysis. In this section, we describe how the model forms and physical constraints dictate the qualitative behaviour of these models, namely, the system has a unique asymptotically stable equilibrium point and all of the eigenvalues are real. Although these results are generally known and follow from basic analysis, we provide them here for completeness and clarity.
We model the transitions between states as a simple continuous-time Markov process with n + 1 states where x i (t) is the probability of being in state i at time t, i = 0, . . . , n, and ρ ij is the rate at which a channel in state i moves to state j. Let R be the matrix whose ith row jth column entry is ρ ij . The governing system is
where 1 is the column vector of ones in R n+1 , and diag(v) is the diagonal matrix constructed from the entries of the vector v.
The model structure immediately constrains the dynamics. The form of A given in (2) implies that 1 T A = 0, that is, the entries in each column add to zero, thus 1 T x ′ = 0 and, therefore, 1 T x is a constant for all time. We require the probabilities of being in each state to add to one, hence we are interested in dynamics on the particular invariant manifold
In addition, the physical situation imposes several restrictions on the transition rates which in turn constrain the dynamics. First, ρ ij ≥ 0 and ρ ii = 0. (From the form of A, this immediately implies that the non-negative orthant for (1) is invariant.) Secondly, we assume every subset of states leads to at least one other state, in other words, no subset of states is absorptive, and the system does not decompose into two or more disjoint subsystems. Mathematically this assumption is: for each non-empty proper subset P of {0, . . . , n} not all ρ ij , i ∈ P , j ∈ P can be zero. This assumption implies, in the case of constant rates, uniqueness of an equilibrium on M in the positive orthant as the following lemma and theorem show.
Lemma 1
The null space of A is spanned by a vector whose entries are all positive.
Proof: Since 1
T A = 0, the null space of A must have dimension at least one. Let x = 0 be in the null space of A and suppose there is a non-empty proper subset P of {0, . . . , n} such that x i is positive if and only if i ∈ P . Let S be the selection vector for P , that is, S i = 1 if i ∈ P and S i = 0 if i ∈ P . Consider S T Ax. Using (2) and the fact that Ax = 0, we have
Clearly the left side of the above expression is non-positive while the right side is nonnegative. Hence equality requires both sides to be zero, but since x i > 0 for i ∈ P , the only way the right side can be zero is if ρ ij = 0 for all i ∈ P and all j ∈ P which violates the second assumption above. We conclude that any non-zero vector x in the null space of A must either have all entries positive, or all entries non-positive. No two or higher dimensional subspace of R n+1 is contained in this region and every one dimensional subspace contained in it necessarily enters the positive orthant. Hence, there must be a vector all of whose entries are positive which spans the null space of A.
Theorem 1 There is a unique vector x * satisfying Ax * = 0 and 1 T x * = 1. Furthermore, all entries of x * are positive.
Proof: By the previous lemma, there is a vector w, whose entries are all positive, that is a basis for the null space of A. Since Ax * = 0, x * = cw for some real number c. But 1 T cw = 1 has the unique solution c = 1/ n i=0 w i which is clearly positive, hence all entries of x * are positive.
Finally, as a last assumption, we require that at thermodynamic equilibrium there is no net flow between any two states. This prevents there being a net directional movement of channels at equilibrium around a set of states connected in a loop. This latter assumption is called the law of detailed balance and it may be expressed as (Fredkin et al., 1985) . This final assumption constrains the eigenvalues of A:
Lemma 2 (Fredkin et al., 1985, p. 277) A is real diagonalizable.
Proof: As a consequence of (4), from (2), we have
Since all entries of x * are positive, we may define the symmetric, invertible matrix W = diag( √ x * ) and thus, multiplying the above by W −1 on both the left and the right gives
Therefore A is similar to a real symmetric matrix and thus A is real diagonalizable.
In particular then, A never has complex eigenvalues. The model form and physical constraints on the transition rates also imply that n of the real eigenvalues are negative:
Theorem 2 One eigenvalue of A is zero and the remaining n satisfy −2 max i n j=0 ρ ij ≤ λ < 0.
Proof:
We have already shown that the null space of A has dimension one, hence exactly one eigenvalue is zero. Lemma 2 also dictates that the remaining eigenvalues are also real. By a well-known theorem on eigenvalue estimates (Mirsky, 1963, p. 212) , all eigenvalues λ of A = [a ij ] must satisfy one of the inequalities
But by construction of A and since ρ ij ≥ 0 and ρ ii = 0, we have j =i |a ji | = |a ii |, and a ii = − n j=0 ρ ij < 0. Thus all but the single zero eigenvalue of A satisfy −2 n j=0 ρ ij ≤ λ < 0, for some i = 0, . . . , n.
Furthermore, let λ 0 = 0 and denote the non-zero eigenvalues of A as λ i , i = 1, . . . , n. Besides the bounds on the eigenvalues provided by (5), by computing the trace of A, we have
The preceding results allow us to fully describe the qualitative dynamics on M for (1), in the case where rates ρ ij are constants. By Theorem 1, x * is a unique fixed point on M . If we let y = x − x * , the manifold M is given by 1 T y = 0. Since 1 is orthogonal to all vectors in M and since it is a left eigenvector of A corresponding to the zero eigenvalue (1 T A = 0), we conclude that the n-dimensional manifold M is precisely the eigenspace of x * corresponding to the n negative eigenvalues of A given by Theorem 2. Consequently, for this linear system restricted to M , x * is globally asymptotically stable, and all of the eigenvalues are real and negative.
Single Chain Models
States connected sequentially in a straight line are commonly employed as models or parts of models of ion channel gating. In this case, each state save the end two, is connected to two other states to form a single chain of states. Setting ρ i,i+1 = r i and ρ i+1,i = l i+1 , i = 0, . . . , n − 1, the model is
We call such models "single chain multi-state models" or simply "single chain models." The matrix A (2) is thus tri-diagonal:
Defining r n+1 and l 0 to be zero, the result of Theorem 2 in this case can be expressed as
and (6) becomes
For this tri-diagonal system, we can also obtain a simple expression for the product of the n non-zero eigenvalues. Since there is one zero eigenvalue, the coefficient (call it C 1 ) of the first order term in the characteristic polynomial χ A (λ) = |λI − A| is equal to (−1)
n times the sum of all n-rowed principal minors of A (Mirsky, 1963, p. 197) . These minors are obtained by deleting the ith row and column from A, for i = 0, . . . , n, and then taking the determinant of the resulting n × n matrix. Since A is tri-diagonal each of these (n × n) submatrices is block diagonal with one (if i = 0 or i = n) or two (0 < i < n) tridiagonal blocks. Let A i,j denote the submatrix of A obtained by keeping only those entries in rows and columns i through j inclusive. If j < i, then A i,j is empty and define |A i,j | = 1. Then
which can be simplified by the following lemma.
Lemma 3 For A given by (8),
and
Proof: For A 0,i−1 , consecutively applying the row operations "add row j to row j+1" for j = 0, . . . , i − 2 yields an upper triangular matrix with diagonal entries −r j , j = 1, . . . , i. Since these row operations do not alter the value of the determinant, the result follows. Similarly, consecutively applying the row operations "add row j to row j − 1" for j = n, n − 1, . . . , i + 2 to A i+1,n yields a lower triangular matrix with diagonal entries −l j , j = i + 1, . . . , n whose determinant is as specified.
We can now establish:
Theorem 3 For A given by (8), the non-zero eigenvalues satisfy
where, by definition, we take an empty product to be one.
Proof:
The result follows immediately from (11) and Lemma 3.
Hodgkin-Huxley Type Chains
Now consider a single chain multi-state model where the rates in (7) are given by the special form r i = (n − i + 1)α, and l i = iβ, i = 1, . . . , n:
The governing system of differential equations is
where x −1 and x n+1 are defined to be zero. By setting
it is clear that n j=0 x j = m+(1−m) n = 1. Further, substituting (15) into (14), a straight forward calculation shows that for each j, the differential equation becomes
This is the classical Hodgkin-Huxley differential equation for a gate of a voltage-gated ion channel. Here m represents the probability of the gate being in the open state, and α and β are the rates of opening and closing of the gates, respectively (both depending continuously on the voltage). If there are n independent gates in the channel and ifḡ is the maximal conductance of the channel (all gates fully open), then the conductance of the channel is given by g =ḡm n , which is equivalent to saying that x n is the open state in the single chain multi-state model (14), and all other states are closed. Hodgkin and Huxley used specific forms for how the rate functions depend on the voltage, but we will name any model of the form (14) as an Hodgkin-Huxley type chain, or simply HH chain.
The equivalence between these two models as described above was first noted by Fitzhugh (1965) although with some notational differences, and has been described by others, for example, Destexhe et al. (1994) . Fitzhugh also noted that this equivalence is not dependent on the rates (α and β) being constants. But we stress that the equivalence is only valid if the initial condition for x is of the form
n−j where m 0 is the initial value for m. Mathematically, this is a substantial restriction on the form of the initial condition for x, limiting it to a one-dimensional manifold in the n-dimensional manifold M . If this condition is not met, then solutions of (14) do not take the form (15) and clearly the n-dimensional Markov system on M has much richer behaviour than the one-dimensional HH equation. Biologically, however, this restriction is not too severe. In the constant rate function (constant voltage) situation, we have established that the multi-state model has a unique globally attractive equilibrium point, x * . Since (16) clearly has a unique equilibrium given by
it immediately follows that x * is given by (15) with m = m ∞ . In other words, the equilibrium of the multi-state model lies on the one dimensional manifold of initial conditions for which the multi-state model has solutions given by (15). Consequently, if the voltage is roughly constant for a long enough time, the solution of the multi-state system will approach the manifold on which the solutions of the multi-state system are governed by the solutions of the single HH differential Eq. (16). If the ion channel's state can only be altered by variations in the voltage level, this situation will remain. However, if the ion channel can at sometimes alter its states in a manner where the Markov model need not hold, for example, a fluctuation in the state due to a mechanical stress, then the initial conditions may no longer lie on the equilibrium manifold.
In the case of constant rates, the eigenvalues for (14) are easily obtained. It is not difficult to show that the solution to (16) is
From (15), it then immediately follows that the components of x are linear combinations of terms of the form e −i(α+β)t , for i = 0, . . . , n. From the theory of linear constant coefficient differential equations, we are then able to conclude that the eigenvalues of A must be
Therefore, the sum and product of the non-zero eigenvalues for the HH chain are:
Identical Rate Chain
Another commonly employed single chain multi-state model is similar to the Hodgkin-Huxley model, but instead of the rates between consecutive states changing linearly, they are all set equal, that is, r i = α, and l i = β for i = 1, . . . , n in (7).
We call this an Identical Rate (IR) chain. The governing system of differential equations is
where x −1 and x n+1 are defined to be zero. Although this system appears at least as simple as (14), it does not, unlike the HH system, admit a simple solution dependent on a single differential equation. Yueh (2005) has recently obtained analytic expressions for the eigenvalues of a generalization of the above system. We can deduce from his work that the eigenvalues for the IR chain are
Directly from these, or using (10) and (12), we have:
3 Geometrical Description of a Three-State Single Chain Model
We consider now a three-state single chain model for a voltage-gated ion channel and provide a geometrical description of its solutions. Although most models employed for real channels have more than three states, the geometrical description we provide here (made amenable since the system restricted to the manifold M is planar) gives some insight into these models and, in particular, to the differences between Hodgkin-Huxley models and more general multi-state models. The purpose is to identify distinguishing features of these two types of models. We compare the locations of equilibria of the two models, and the orientation of the eigenvectors at these equilibria. Primarily, we are concerned with solutions that start at one equilibrium point and then, due to a sudden voltage jump which alters the system, move to the equilibrium point of the system under the new voltage value. This represents the typical experimental voltage-clamp situation. In the three-state model, there are just two exponential rates of movement (two non-zero eigenvalues), and we compare the relative sizes of these two exponentials in solutions depending on the locations of the pre-step and post-step equilibrium points. Implications of the results of this section are discussed in Sect. 4. The model for a three-state chain is given by (7) with n = 2 and the governing equation is x ′ = Ax, where
Since the dynamics of interest are restricted to the manifold M (x 0 + x 1 + x 2 = 1), it is simpler and sufficient to consider the projection of the system onto the (x 0 , x 2 )-plane. On this plane, the dynamics are bounded by the coordinate axes and the line x 0 +x 2 = 1; denote this triangle as ∆. The governing system on ∆ is
The rate functions are dependent on the voltage, V . If the voltage is constant, the system has a unique equilibrium point
where for convenience we have defined L = l 1 /r 1 and R = r 2 /l 2 . At different constant voltage levels, the equilibrium will be at different locations in the triangle ∆, forming a curve, C(V ), defined by the parametric Eqs. (26). We restrict the rate functions by the following two assumptions.
Assumption 1 For fixed σ equal to either +1 or −1,
This assumption dictates that at opposite extreme voltage levels, the equilibrium state is concentrated in opposite extreme ends of the chain. An activation gate which opens as V increases corresponds to σ = +1, while an inactivation gate which opens as V decreases corresponds to σ = −1.
Assumption 2 dR dV and dL dV are non-zero and of opposite signs.
This assumption provides some monotonicity, in the sense that as the voltage level moves from one extreme to another, the equilibrium state moves monotonically away from one extreme end of the chain to the other.
These assumptions are significant and exclude possibilities such as state one being the preferred state at extremely high voltages, or the equilibrium value of state 2 having a nonmonotone increase with voltage. Nonetheless, most multi-state models of ion channels satisfy these assumptions. Within these two assumptions, we further consider several special cases.
Case 1
The model is an Hodgkin-Huxley chain. Thus, r 1 = 2r 2 = 2α and 2l 1 = l 2 = 2β which yields L = 1/(4R) = β/(2α).
Case 2
The model is an identical rate chain. Thus, r 1 = r 2 = α and l 1 = l 2 = β which yields L = 1/R = β/α.
Case 3
The rate functions are simple exponentials (the most most commonly employed functional form for voltage-dependent rates (Zagotta et al., 1994b; Chanda and Bezanilla, 2002; Kargol et al., 2002; Piper et al., 2003) ) of the form
where k is the Boltzmann constant, T is the absolute temperature, V is the voltage of the inside relative to the outside of the membrane, e 0 is the elementary electric charge, z i is the number of positive charges shifted toward the outside of the membrane as the channel moves from state i to state i + 1, δ i is a constant between zero and one which represents the relative location of the thermodynamic energy barrier between the two states, andr i andl i are constant rates of transition in the absence of an electric potential. In this case, L =l It should be noted that while Case 1 and Case 2 are mutually exclusive, Case 3 may or may not co-exist with either of the first two. For Case 3, Assumptions 1 and 2 are met if and only if z 1 and z 2 are of the same sign. For Case 1 and Case 2, the assumptions would be satisfied, for example, if α is a strictly increasing function tending to 0 as V → −∞ and β is a strictly decreasing function tending to 0 as V → ∞. Switching these properties of α and β would also satisfy these assumptions.
Shape of the Equilibrium Curve
What is the general shape of the equilibrium curve? Since L and R are necessarily positive, Assumption 1 implies that the equilibrium curve has end points at (x 0 , x 2 ) = (1, 0) and (0, 1) reached as V → ±∞. From (26), we have
where the prime denotes differentiation with respect to V . Now since by Assumption 2, L ′ and R ′ have opposite signs, it immediately follows that the numerators of x ′ 0 and x ′ 2 are of opposite sign and are never zero. Therefore, x 0 and x 2 are invertible functions of V and x 2 can also be expressed as a strictly decreasing function of x 0 with derivative
The second derivative of the equilibrium curve, C(V ), is
For either an HH type chain or an IR chain, we have that L = b/R for some positive constant b. In these cases, (30) simplifies to
which is always positive. For Case 3,
, where q i = z i e 0 /kT . Since it has already been established that Assumptions 1 and 2 require that z 1 and z 2 have the same sign, the second derivative is again necessarily positive. Thus in all cases, the equilibrium curve never has an inflection point. For Hodgkin-Huxley type and identical rate chains, since L and R are inversely related, the equilibrium curve is completely dictated in its shape. These shapes are illustrated in Fig. 1A . In contrast, there is a great deal of freedom in the shape of the equilibrium curve if only Case 3 holds, since L and R are independent. Some of the possible shapes are shown in Fig. 1B . This figure illustrates that the steady states for an identical rate chain always have a smaller component of x 1 , the intermediate state, than a Hodgkin-Huxley type chain. If the voltage is slowly altered so that the system moves from the extreme where x 0 = 1 to the extreme x 2 = 1, then between these two extremes a Hodgkin-Huxley type chain will accumulate more in the x 1 state than an identical rate chain. The straight dotted line in Fig. 1 represents x 1 = 0 ; the closer the equilibrium curve is to this line, the more the system behaves as if there was no intermediate state at all. 
Eigenvectors of the Equilibrium
System (25) will have two negative eigenvalues at the equilibrium point on C, and the relative magnitude of these two values along with the orientation of the corresponding eigenvectors will dictate the behaviour of solutions. As we stated earlier, we are interested in solutions whose initial value is some other point along the curve C. For the Hodgkin-Huxley system, the curve C itself will be the solution, but not for the identical rate system. The solution to the Hodgkin-Huxley system will have a mixture of both eigenmodes but, as we show in this subsection, there are initial conditions for which the solution of the identical rate system is purely along the slow eigenvector, and thus exhibits a single exponential time course.
The eigenvalues of (25) at the equilibrium given by (26) are
where
In (31), the plus sign is for the larger (less negative, slower motion) eigenvalue and the minus sign gives the smaller (more negative, faster motion) eigenvalue. As we already know, for the Hodgkin-Huxley type chain, Case 1, these eigenvalues are
and for the identical rate chain, Case 2, they are
Thus, the IR chain has eigenvalues which are both smaller in magnitude than the HH type chain.
Since the corresponding eigenvectors, v, satisfy either
they may be expressed as either
From the third expression for D in (32) it is then clear that the eigenvector corresponding to the slow motion has negative slope while the eigenvector corresponding to the fast motion has positive slope. It is therefore, impossible for the fast eigenvector to intersect the strictly decreasing curve C at any place other than the equilibrium point. Theorem 4 Under Assumptions 1 and 2, the eigenspace for the equilibrium (26) of (25) corresponding to the slow eigenvalue (31) either intersects the curve C tangentially at the equilibrium, or it intersects in two places.
Proof: One intersection is at the equilibrium point, E, itself. Since the curve C(V ) is the graph of a strictly decreasing function on ∆ whose second derivative does not change sign, and which goes through the points (1, 0) and (0, 1), it follows that if the slope s s of the slow eigenvector satisfies
where x 0 and x 2 are the coordinates of the equilibrium point E given by (26), then there will be a second intersection with C unless the slope of the eigenvector exactly matches the slope of the equilibrium curve, as illustrated in Fig. 2 . This inequality simplifies to
Using (33) for the slope of the eigenvector and the second expression for D in (32), the left inequality in (35) becomes
which is equivalent to
which clearly always holds. Similarly, using (34) for the slope, s s , the right inequality in (35) becomes
which also simplifies to (36).
We have already argued that the equilibrium curve C(V ) is itself a solution of the Hodgkin-Huxley system. (More precisely, for a fixed voltage level, C is the union of the equilibrium point and two solutions given by (15)-(16) approaching the equilibrium from opposite sides.) Here, we verify that the slow eigenvector is in fact tangent to the equilibrium curve for the HH system. For this system, we have r 1 = 2r 2 = 2α, and 2l 1 = l 2 = 2β. Thus, from (33) the slopes of the eigenvectors are
and, therefore,
Working from (29) and noting that L =
we obtain
Similar computations for Case 2, the identical rate chain, where
A simple further calculation shows that the slope of the slow eigenvector is less than, equal to, or greater than, the tangent to the equilibrium curve C if and only if α is less than, equal to, or greater than β, respectively. Since by Assumption 2, these two functions have opposite signed derivatives with respect to V , it follows that there will be one place on the equilibrium curve where the slow eigenvector is tangent to the curve. From (26), it follows that this point of tangency occurs when x 0 = x 2 . For equilibria on C with x 2 > x 0 (which from (26) dictates that α > β), the slow eigenvector will have slope greater than the tangent to the curve and so will intersect C to the right of the equilibrium. Conversely, the slow eigenvector emanating from equilibria on C with x 2 < x 0 will intersect C to the left of the equilibrium. Thus, for every final voltage level (except the one at which α = β), there is always some initial voltage level such that a voltage jump to the final level from the initial level applied to a system at equilibrium will result in a single exponential time course of the solution components x 0 and x 2 toward the new equilibrium point. This feature is a distinguishing feature for identical rate chains compared to Hodgkin-Huxley type chains.
Relative Sizes of the Solution Components
It is informative to look at the relative sizes of the components corresponding to the two eigenvalues of the solution for x 2 , comparing the Hodgkin-Huxley type chain with the identical rate chain. We assume that initially the system is maintained at a holding potential W , and that it is at equilibrium there. Thus the initial condition is given by (26) where the functions are evaluated at W . At time zero, the voltage is instantaneously changed to V so that the globally attractive equilibrium point is given by (26) with the functions evaluated at V . We assume that x 2 is the only open state, and it is the only measurable quantity.
(If one is measuring ionic currents only, then this is the case; however, information about a certain linear combination of the states x i can be obtained by measuring gating currents.) The solution for x 2 is of the form
where λ 1 is the slow eigenvalue and λ 2 the fast one. We are interested in the ratio p = |b/a|. The relevant equation to be solved is
Solving the above for a and b, we obtain
For an HH type chain, Case 1, after some algebra, the ratio p becomes
where Q = α/β. For the IR chain, Case 2, the ratio is
For both Case 1 and Case 2, the ratio x 2 /x 0 at equilibrium is given by Q 2 . Plots of the surfaces p for both cases as a function of x 2 (V )/x 0 (V ) and x 2 (W )/x 0 (W ) (on a log scale) are shown in Fig. 3 . Note that for the Hodgkin-Huxley type chain, plotted in Fig. 3A , the fast component approaches zero along the diagonal since the slow eigenvector is tangent to the equilibrium curve and the start and end points are moving together along this curve as the diagonal is approached. When the end ratio x 2 (V )/x 0 (V ) is larger than the initial ratio 4 . Lines as in C. Note that vertical scales differ on these plots.
x 2 (W )/x 0 (W ), the fast component remains less than half the slow component, however, when the end ratio is smaller than the initial ratio, the fast component can become significantly larger than the slow component. In contrast, the identical rate chain, plotted in Fig. 3B , always has the fast component of the solution smaller than the slow component, and except where the initial and end points are both at extreme ends of the equilibrium curve, the fast component is less than half the size of the small component. In addition, there is a line of points where the fast component is zero, that is, the solution contains a slow component only, corresponding to where the slow eigenvector meets the equilibrium curve at the start location. Two typical voltage-clamp experimental situations are plotted in Figs. 3C and D. We discuss them in terms of an activation gate where x 2 /x 0 is an increasing function of voltage, although an inactivation gate with x 2 /x 0 decreasing works analogously. A large ionic current can be generated by holding the channel at a very low potential W and jumping up to a very high potential V . Typical cells can tolerate voltage jumps on the order of 100 mV. Using typical rate functions, such a jump can correspond to equilibrium ratios x 2 /x 0 differing from five to fifteen orders of magnitude. For example, the classical HH rate constants for the sodium channel activation gate give x 2 (−60)/x 0 (−60) = 2.4 × 10 −10 and x 2 (40)/x 0 (40) = 19.8 (Hodgkin and Huxley, 1952) . For illustration, assume W is sufficiently small so that x 2 (W )/x 0 (W ) = 10 −4 , then Fig. 3C shows the relative size of the fast component to the slow component for the elicited current as a function of the end ratio x 2 (V )/x 0 (V ). For the HH model, the size of the fast component quickly rises to half the size of the slow component, so that virtually all except the smallest voltage jumps will yield ionic current traces where the slow component is twice the size of the fast component. For the IR model, the fast component varies non-monotonically between about 0.4 and 1. For large voltage steps, the fast component will be comparable to the size of the slow component. The second voltage clamp situation is where the system is initially held at a high voltage W and then dropped instantaneously to a low value V . The channel is thus initially open and then closes. This corresponds to measuring tail currents, and the relative sizes of the fast and slow components are shown in Fig. 3D , where for illustration we have chosen x 2 (W )/x 0 (W ) = 10 4 . Note that here the IR chain again has the fast component generally between 0.5 and 1 times the size of the slow component. In contrast, the HH type chain shows a rapid rise in the relative size of the fast component as the end point ratio x 2 (V )/x 0 (V ) becomes small. This is a distinguishing feature between Hodgkin-Huxley models and identical rate models (at least for this three-state system). We conjecture that it remains a distinguishing feature when more states are considered. Specifically, tail currents (the decaying ionic current measured when the channel moves from a fully open state to a fully closed one) for HH models are composed primarily of a fast decaying component corresponding to the most negative eigenvalue while tail currents for IR models are composed of a relatively even mix of components distributed across all the negative eigenvalues. The first part of this conjecture is obviously true when one considers Eqs. (15) and (17). These yield
so that the ratio of the component of x n corresponding to the most negative eigenvalue, −n(α + β), to the component corresponding to the eigenvalue −j(α + β), 1 ≤ j < n, is
Therefore, as m ∞ → 0 (which implies x n (V )/x 0 (V ) → 0), this ratio is unbounded.
Discussion
When developing multi-state models of ion channels constructed of several (typically four) membrane spanning subunits, it has been commonly assumed that the symmetry of the physical channel should be reflected in some symmetry of the model. (Bezanilla, 2000) . In order to reduce the number of free parameters in the models, these chains are often constructed as Hodgkin-Huxley type chains or identical rate chains. Our geometric analysis of the three-state chains suggests that Hodgkin-Huxley type chains and identical rate chains are distinguishable in their movement from a fully open to a fully closed state. Currents of the former type decay primarily through the fastest mode (most negative eigenvalue) while currents of the latter appear to decay with a relatively even mix of fast and slower modes. As has been observed by others, for example Zagotta et al. (1994a) , tail currents for some channels display a nearly single exponential time course of deactivation. This suggests an HH type chain in the activation pathway, however, models of specific ion channels often involve inactivation or passage from the open state to states not directly in the activation pathway (Zagotta et al., 1994b; Bezanilla, 2000) . These additional states have the potential of significantly altering the kinetics of the open state. Nonetheless, an understanding of differences in the single chain systems we have described here is an aid in understanding the behaviour of more complicated models. We have concentrated on single chain models, although the first results of Sect. 2 are applicable to all multi-state models. If a channel also undergoes inactivation, then it can be modelled as a single chain system with additional closed states beyond the open state. In other words, the chain has n + 1 states but the open state is not the last one, rather one in the middle. Some of our results are applicable to these models, but usually such chains are not HH type or IR chains, or not completely so. More commonly, inactivation involves the addition of states which generate potential loops in the network. For example, a multi-state model that is equivalent to the classical Hodgkin-Huxley model for the sodium conductance in the squid giant axon is where x 4 is the open state and the m and h subscripts refer to the activation and inactivation rate functions. Other models including inactivation tend to have less symmetry than the above model but also introduce loop connections between a number of states (Bezanilla, 2000; Zagotta et al., 1994b) . More work needs to be done on such models to get a fundamental understanding of their behaviour.
In the three-state IR model, we showed that (except in the case where the final condition is x 0 = x 2 ) there is always an intersection of the slow eigenvector with the curve of equilibria. This means that in the typical situation, where the initial condition lies on the equilibrium curve and a sudden change in the voltage is applied, for each final voltage level there will always be a particular initial voltage level such that the solution for this case is a single exponential corresponding to the slow eigenvalue. This is another distinguishing feature between the three-state identical rate chain and the three state Hodgkin-Huxley chain; the HH chain always has multi-exponential solutions involving all the eigenvalues. In a higher dimensional setting, the generalization of this result is not immediately clear. Geometrically, the equilibrium curve and the eigenspace for the slow eigenvector are one-dimensional manifolds and so their meeting in a space of higher than two dimensions is not expected. Thus, even for a four-state IR model a single exponential solution connecting two points on the equilibrium curve is not likely. However, it is not clear whether the structure of the problem with the symmetries of the IR chain might not dictate that the eigenspace must intersect the equilibrium curve. More work in this direction is required.
